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Abstract 
The algebraic thinking stages of two students determined to be highly gifted by the RAM (Counseling Research Center) were 
compared in the two different processes of pre-education and post education. For this purpose, research and application problems 
prepared in order to detect cognitive actions such as recognizing, building, with construction and consolidation were applied to 
the two selected students. In this study, the RBC+C abstraction model providing the opportunity to investigate the knowledge 
formation process through cognitive actions was utilized.  
Keywords: Highly gifted students, abstraction, RBC+C Abstraction Model, equation knowledge. 
1. Introduction 
Following new changes in learning theories, in studies conducted in recent years the investigation of learning 
stages has become more important rather than investigating the level learning occurs. The RBC Abstraction Model 
was suggested by Hershkowitz, Schwarz, and Dreyfus in 2001 for the purpose of analyzing mathematical 
abstraction processes. In 2007, Dreyfus added the cognitive action of reinforcement to the abstraction process and 
finalized it as the RBC+C Abstraction Model. 
In this study, the knowledge formation/abstraction process of two highly gifted students on “equation 
construction”, which is a subject of mathematics, considered to be causing difficulties for individuals in learning and 
generally requiring a pass from abstract to more abstract, shall be investigated in terms of the four cognitive actions 
with interventions structurally anticipated in theory. 
2. Significance and Purpose of the Study 
In the investigation of the mathematical knowledge formation process in this study the RBC+C model has been 
utilized. During the investigation of teaching situations in learning environments in terms of knowledge formation, 
as there will be a need for process evaluation, it is impossible to arrange all applications in the study in a manner 
that covers all subjects of mathematics. Thus, the study should be conducted on a certain subject of mathematics. 
Researchers have stated that the subject of equations is a subject that students have difficulty in comprehending and 
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covers concepts leading to various misconceptions. Furthermore, they have explained that misconceptions regarding 
equations can cause learning difficulties for children in advanced subjects in the high school curriculum such as 
functions, complex numbers, limit, derivatives and integral. In the study of Erbaş et al. (2009), the requirement of 
data to be compiled from various samples in this subject was emphasized and also the significance of the 
investigation of the behavior and structure of thought of successful and unsuccessful students was emphasized.  
With the results to be obtained from this study, paths to be followed for having students acquire correct 
information in the teaching of equations can be determined. It can constitute an example in primary school curricula 
for activities suitable for the knowledge formation of students. Studies indicate that students that are highly gifted in 
mathematics enter the formal operation period of mathematical reasoning earlier than other students. By means of 
the mathematical form of thinking that is known to be innate in highly gifted students, the teaching of the subject of 
equations, which constitutes difficulty for other students, can be taught with more effective methods in the learning 
process. 
3. Method 
In this section, the algebra learning processes of 2 students determined to be highly gifted by RAM, of which one 
is from the 6th grade and has not yet learnt the subject of the study and one is from the 7th  grade and has learnt the 
subject previously, was investigated. In the equality and equation sub-domain of the algebra learning domain the 
attainments of “explains the equation, constructs suitable equations for the problems” were selected. The purpose in 
this selection is to create the opportunity to understand how the algebraic thinking stages of these two students 
function prior to and after education and to compare the two different processes actualizing with education through 
the RBC+C abstraction model. The knowledge formation process of students shall be examined on an application 
problem prepared in a manner providing the opportunity to construct an equation of the first degree with two 
unknowns that can be expressed as y=ax+b. 
Study Model 
As required by the nature of the case study method, a large amount of information is obtained with a limited 
number of participatory students.  While examining the knowledge formation processes, the dialectic structure of the 
process were considered and the cognitive actions of the RBC+C abstraction model were examined by utilizing a 
semi-structured interview and participant observation. In semi-structured interview the researcher asked the 
questions s/he prepared before during the interview regarding the titles of the interview in order to clarify the 
answers provided to the questions and, has directed the participant with his/her explanatory questions when 
necessary. In addition, the behaviors of the students participating in the study were observed during the application 
of the research problem. 
 
3.2. Students Participating in the Study 
This study was performed with two volunteer students with a desire to participate in the study, who were 
determined by Counseling and Research Center (RAM) as highly-gifted students continuing to receive education in 
two separate primary education schools in different periods in the Balikesir province in Turkey in the 2012-2013 
academic year. In the study as regards to these students named Salih and Zeki, whose ages are 12 and 13 
respectively, the one attending the sixth grade in primary education did not know the knowledge of equality and 
equation whereas the seventh grade student in primary school was selected randomly among those who already had 
this knowledge. 
 
3.3. Data Collection Instruments and Data Collection 
In this study necessary permissions were received prior to the application that was performed during the fall term 
of the 2012-2013 academic year,  the management of Balikesir Science and Art Center as well as students and their 
parents that shall participate in the study were informed about it. In this context it was reported to the students that 
the process of reaching the answer rather than reaching the correct or incorrect answer was examined. The case 
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study was performed separately with two students participating in the study in the mathematic laboratory of the 
Balikesir Science and Art Center within the same week. The application was recorded with a video recorder and a 
tape recorder that were installed on a platform where the students could see them. Thus, the researcher corrected and 
changed his/her interpretations by considering the background and the continuation of the event without making an 
immediate decision about it. Moreover the written information that was thought to contribute to explaining students’ 
knowledge formation processes was also obtained by virtue of the worksheets handed out to the students. 
 
3.4. Data Analysis 
Data analysis and its interpretation were performed with a descriptive analysis, which is a type of qualitative data 
analysis and worksheets handed out to students, and video and tape recorders were employed during the interview. 
The aim in descriptive analysis is to present the obtained findings in an interpreted manner after arranging them. The 
conversations and images recorded in the interview were transformed into written form. As the RBC+C abstraction 
model was employed, the specified themes for the analysis of written interview texts are recognizing, building, with 
construction and consolidation. Interpretations were made based on the data in order to make the findings 
meaningful and to explain the relations among the findings. 
4. Findings 
In this part there are findings regarding the student group’s construction process of the equation complying with 
the research problem in the research and the reinforcement process of their knowledge between this equation and the 
equation of the first degree with two unknowns and the evaluations performed on this subject. In the interviews 
performed with Salih and Zeki participating in the research their abstraction period of equation knowledge was 
evaluated by considering their actions of recognizing, building, with construction and consolidation were presented 
below. Salih spent 31 minutes and 49 seconds to reinforce the application problem prepared to comply with the 
subject of the research by utilizing from an equation of first degree with two unknowns in the form of y=ax+b but 
Zeki spent 15 minutes and 31 seconds for it. 
 
4.1. Abstraction Process of y=ax+b Equation Knowledge with the Help of the Problem of the Candle’s Length 
The research problem is based on the expression of “A candle that has just been unpacked is in the length of 20 
cm. Its length shortens in every five minutes after it starts burning.” 
The first question asked to the students in the worksheet in compliance with the theme of recognizing and 
utilizing the knowledge is “Arrange a table demonstrating the candle’s length according to time.” During the 
drawing of the requested table Salih considered the candle’s length to be as 20 cm at the end of the first five 
minutes. Salih answered as “5 minutes” to researcher’s question of “Initially, candle’s length is given as 20 cm but 
when it was decreased by 19 cm. how much time passed?” and then he noticed the mistake he made and deleted the 
number 5 he wrote for the time and changed it to zero. Zeki answered the same question correctly. 
 
 
 
 
 
Figure 1. The Table Formed by Salih in the Research Problem 
 
 
 
 
 
 
 
Figure 2. The Table Formed by Zeki in the Research Problem 
 
From the tables formed by Salih and Zeki it was observed that both students were able to recognize and use the 
table information. In addition, it was observed that in the table formed in order for the students to show the candle’s 
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length at any time to be specified they used the values showing the candle’s length not for each minute but for 
certain minutes and that they employed prediction and control strategies during their conversations they had with the 
researchers. 
Researcher-student dialogues in the second part of the research problem are performed in the following way:  
Table 1: The Dialogue between Salih and Zeki and the Researcher in the Second Part of the Research Problem (S: Salih, Z: Zeki, R: researcher) 
 
The Dialogue Between Salih and The Researcher The Dialogue Between Zeki and The Researcher 
3 R: “In your opinion, explain what kind of a relation there is between the 
candle’s length and the time passing for its melting by utilizing this table.” 
(Salih keeps silent for a while after the question was read by the researcher to 
him.) 
6 R: Do you remember the algebraic expressions from the last year, don’t 
you? 
4 R: “We establish a relation between t and m. What kind of a formula can we 
write between t and m if we wish to write a formula, that is, to this relation?” 
7 Z: Yes. 
2 S: (A short silence)… Its length decreases 1 cm per 95 minutes. 7 R: Let me remind you of this: There is a mathematical equality. We call this 
equality as equation. When is it called an equation? If there are numbers, 
mathematical operations, and equality in addition to an expression with letters 
in it, then we call this algebraic equation. While solving the problems, we can 
benefit from algebraic expressions. If we call the candle’s length m and the 
passing time t, can you write an algebraic equation complying with this 
question between m and t? Therefore, I will give you some clues. Initially, 
what is the length of the candle? 
5 R: Does the candle burn out completely in 100 minutes? 8 Z: 20 cm. 
3 S: No, there is its liquid. 8 R: Let the candle’s length be m and the passing time t in any minute, then 
what must the relation be between m and t, in your opinion? What kind of an 
equation must it be? 
6 R: When considering in terms of length, it will change because of its 
liquification. First, we should determine which one has an increase and 
decrease to write the algebraic expression giving the candle’s length after t 
minutes. 
9 Z: (Stops)… Okay! m equals 5 t’s. Of course! This is… 
4 S: Increase in t and decrease in m. 9 R: Where is 20? 
7 R: What is the initial amount of m? 10 Z: There is no 20 (laughs). 
5 S: 20 cm. 10 R: At first you went by gradually decreasing the length of the candle from 
20 cm. As time increased the candle melted and its length got shorter. Then, 
you need to use the length of the candle at the beginning within the equation. 
How long was its initial length? 
8 R: Then, won’t it begin decreasing from 20? 11 Z: 20 (scribbles the previously written things)… 
6 S: The expression providing the length of the candle shall be found by 
subtracting from 20, 20 minus…20 minus m. 
11 R: We are looking for the length of the candle. 
9 R: Or is it 20 minus m … 12 Z: m equals… 
7 S: An expression with 20 minus t shall be equalled to m. 12 R: Its initial length shall decrease. The thing expressing decrease in 
mathematics… 
10 R: Your time was decreasing once in 5 minutes. 13 Z: Minus 5 t. 
8 S: 20 minus, 5 times t. 13 R: Is it 5 t, t divided by 5? Do you take 5 times that of time? Or do you 
divide time into 5? 
11 R: Equals… 14 Z: No, I multiply by 5. 
9 S: m. 14 R: You take 5 multiples of time. See, the first… 
12 R: 20 minus, 5 times t, equals m. 15 Z: I divide it into 5. 
10 S: (By noticing it instantly)… no it’s not like that teacher. 15 R: Yes, You divide it into 5. 
13 R: Why won’t it work? 16 Z: Then I am writing 5 divided by t … (pauses) t divided by 5. 
11 S: Because t is at least 5. 5 times 5, equals 25. And you can’t subtract 25 
from 20. 
16 R: Yes, first do we subtract or divide? 
14 R: Exactly. I made a mistake somewhere. Where did I make a mistake? 17 Z: You divide. 
12 S: Multiples of 5 are equal to t. It should have been t divided by 5. Because 
t is constantly increasing. 
17 R: Great. Let’s control it. For instance, what shall we write in the place of t 
in 5 minutes? 
15 R: By dividing t into 5, you will find how many centimeters the length 
shall get shorter, won’t you? 
18 Z: I shall write 5. 5 divided by 5, It equals 1. 20 minus 1, 19. Its length is 
19 cm. Correct, from the table… (smiles). 
13 S: 20 minus, t divided by 5, equals m. 18 R: Okay, how many minutes later does the candle finish? 
16 R: Does it work out now? 19 Z: (Thinks) 95 minutes. 
14 S: Yes. It looks like V equals, x divided by t. Velocity formula… 19 R: In 95 minutes its length is 1 cm. 
17 R: Yes, it does. Let’s take any.  For instance, 10 minutes later, I wrote t 
instead of 10. 
20 Z: Sorry, in 100 minutes. I mean, 1 hour 40 minutes later. 
15 S: If I divide 10 into 5, it equals 2. First there is division. 20 minus 2, 
equals 18. The length of the candle will be 18 cm 19 minutes later. 
 
18 R: We just converted the table to algebraic expressions.  
From the students’ expressions here participating in the study it was understood that the students recognized and 
used the knowledge of equation of the first degree with two unknowns in the form of y=ax+b that they constructed. 
In addition, from Salih’s expression in item 10 it was understood that he was able to think using the trial and error 
method and thus, obtained the correct result. The equation expressions written by the students in the worksheets 
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below are capable of proving that these two students constructed an equation with two unknowns in the form of 
y=ax+b. 
 
 
 
Figure 3. The Equation Expression Written by Salih for the Research Problem 
 
 
 
 
Figure 4. The Equation Expression Written by Zeki for the Research Problem 
 
From the expressions of Salih in item 15 and Zeki in item 18 it was understood that both these students 
constructed the equation, in which there are the questions required for the solution of the equation with two 
unknowns in the form of y=ax+b and that they perceived the linear relation between the variables when some values 
were assigned in place of variables in the equation that they wrote. In other words, they reinforced the knowledge of 
the y=ax+b equation and were able to use this knowledge in solving the problem. Both students participating in the 
study attempted to write the mathematical representation during the application, succeeded in using the variable but 
had difficulty in finding the mathematical operation between the variables during the formulizations. 
5. Conclusion and Recommendations 
In this study performed to examine highly gifted students’ formation processes of equation knowledge 
participating in the study, an application question was asked to the students regarding their attainment of 
constructing an equation with two unknowns complying with a daily life problem. The answers to the questions 
provided by the students were examined and equation construction processes were analyzed through the cognitive 
actions of recognizing, building, with construction and consolidation of the RBC+C abstraction model. 
In the examinations performed within the study it was understood that Salih and Zeki, who were determined by 
the Counseling and Research Center  to be highly-gifted students, recognized and used the table information and that 
they formed a first -degree equation with two unknowns in the form of  y=ax+b and then reinforced it. 
In this study it can be said that the equation is abstracted in a dialectic and somewhat experimental sense because  
in his study Altun (Mart, 2012) stated that students failed to use the variables and that they were inadequate to 
generalize mathematical figures and expressions by using an unknown; however, this study is significant in terms of 
indicating the evidence that highly gifted students enter the formal operations period of mathematical reasoning 
earlier than their peers and shedding light to future studies. The abstraction of the study in the experimental sense 
was ensured with the highly gifted students that are better in making generalizations using an unknown for 
mathematical figures and expressions than that of their peers. It may be guiding to indicate that students that have 
not learnt the concept of unknowns yet will be successful as a result of activating their abilities in forming necessary 
mathematical rationale. 
References 
Dreyfus, T. (2007).Processes of Abstraction in Context the Nested Epistemic Actions Model. Retrieved on November 12, 2008 from 
http://cresmet.asu.edu/news/i2/dreyfus.pdf, 12 October 2008. 
Dreyfus, T., Hershkowitz, R. & Schwarz, B. (2001a). Abstraction in context II: The case of peer interaction. Cognitive Science Quarterly, 1(3), 
307-368. 
Dreyfus, T., Hershkowitz, R. & Schwarz, B. (2001b). The construction of abstract knowledge in interaction. In M. van den Heuvel-Panhuizen 
(Eds.), Proceedings of the 25th Annual Conference for the Psychology of Mathematics Education, (Vol. 2, pp. 377-384). Utrecht, the 
Netherlands: Freudenthal Institute. 
Sezgin, D., Altun, M. (June 2012). Examination of the Abstraction Process about Linear Equation of Two Sixth Grade Students. Necatibey 
Faculty of Education Electronic Journal of Science and Mathematics Education, 6(1), 171-200. 
